VOLUME 81, NUMBER 2

PHYSICAL REVIEW LETTERS

Comment on “Geometric Phase
in Jahn-Teller Crystals”
In a recent Letter [1] Koizumi examines a Jahn-Teller
P
solid. The starting point Hamiltonian is H  j Hj 1
Hinter . Hj describes a Jahn-Teller ion and reads
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where b is a constant.
The author diagonalizes the electronic part to get the
adiabatic electronic ground state in each ion,
p
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where xsQj d  mj Qj with mj an integer (or in the
continuum and in the notation of Ref. [1] g  mj).
Usually one would put mj  0, but the author claims that
due to Hinter the total energy can depend on mj . Next the
author derives the Lagrangian density in the continuum
limit and obtains the Meissner effect and flux quantization
in two spatial dimensions. Our claim is that these results
are wrong because of the following reasons.
(1) The Hamiltonian commutes with the local numy
y
ber operator nj  aj aj 1 bj bj so local charges are conserved and the system is an insulator [2].
The current density operator is given in Eq. (21) of
Ref. [1] where the field operators can bePexpanded in
terms of a single particle basis set, csrd  i fia srdai 1
fib srdbi . Here fia srd, fib srd are Wannier functions
corresponding to the two atomic orbitals in atom i. The
gradient here is understood to be with respect to the r
coordinate [3] and not with respect to the continuous
analog of the i index as was erroneously done in Ref. [1].
It is easy to check that the terms in the current operator
that involve different atoms vanish due to the conservation
of the local charges so a macroscopic Meissner current is
not possible.
(2) The Hamiltonian for the vibrational motion of the
Jahn-Teller solid
P on the lower potential surface has the kinetic term 2 12 s1yrj2 d fs≠y≠Qj d 1 mj 2 12 g2 [Eqs. (3)
and (4) of Ref. [1] ]. The mj can be trivially
eliminated
P
by the gauge transformation C ! Ce2i mj Qj so the mj
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with aj  2ismj 2 1y2deiQj yr, and is given by
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aj , bj are fermion creation operators on the E orbitals
of ion j. Hinter is a coupling between the phonon
variables srj , Qj d at different sites which is specified in
the continuum limit as a gradient term sj=x fj2 d with x
the continuum analog of i, j. The corresponding lattice
version (not provided by Koizumi) would be
X
Hinter  b
jfi 2 fj j2 ,
(2)
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have no physical consequences as it should be. Hinter is
of no consequence for this conclusion which, of course,
holds also for a single ion. The 12 which originates in the
legitimate Berry’s phase cannot be eliminated (see below).
(3) The correct Lagrangian density in the continuum
can be easily derived from the Lagrangian version of
Eqs. (3)–(6) of Ref. [1] corresponding to a single ion [4]:
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s, A, B, C, and D are constants.
The form of the gauge fields bears no resemblance
with the form given in Eq. (10) of Ref. [1]. Koizumi
obtains this equation by averaging a phonon Lagrangian
on the electronic adiabatic ground state. This is incorrect
because the Lagrangian he starts with is already averaged
and has no electronic coordinates.
The Lagrangian Eq. (4) has ordinary equations of
motion and does not show the exotic effects claimed in
Ref. [1]. In fact, the term with the gauge field can be
Ù which is
Ù p1f
Ù p ad  2sm 2 1y2dQ
rewritten as 12 sfa
a total time derivative and can be eliminated from the
Lagrangian either in the continuum or for the single ion in
a classical computation.
It is interesting to remark that also the 12 , the legitimate
Berry’s phase disappears in the Lagrangian whereas it
subsists in the Hamiltonian. This is because the gauge
field produces a magnetic field which is zero everywhere
except at the origin and is of no consequence at the
classical level. This implies that Berry’s phase has no
effect in the collective motion of the lattice (there is no
renormalization of the Goldstone mode) and neither in the
classical motion of the slow variables of the single ion.
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