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We develop a time-dependent Gutzwiller approximation (GA) for the Hubbard model analogous to the
time-dependent Hartree-Fock (HF) method. This new formalism incorporates ground state correlations
of the random phase approximation (RPA) type beyond the GA. Static quantities like ground state energy
and double occupancy are in excellent agreement with exact results in one dimension up to moderate
coupling and in two dimensions for all couplings. We find a substantial improvement over traditional GA
and HF 1 RPA treatments. Dynamical correlation functions can be computed and are also substantially
better than HF 1 RPA ones and obey well behaved sum rules.
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The Gutzwiller (GW) trial wave function [1] is
probably the most popular variational approach to the
Hubbard model which incorporates correlation effects
beyond the Hartree-Fock (HF) approximation. Since
the Hubbard model describes the competition between
hopping and correlation induced localization of the charge
carriers, the idea is to apply a projector to a Slater determinant (SD) which reduces the number of doubly occupied
sites. The optimum double occupancy probability is
determined variationally. Similar to HF best results are
obtained if one allows for unrestricted charge and spin
distributions which are also determined variationally. For
example, for the half-filled Hubbard model a SD with
long range antiferromagnetic order is favored [2] and
prevents the occurrence of a Brinkmann-Rice transition
up to infinite dimensions [3].
A formal diagrammatic solution of the GW variational
problem has been given by Metzner and Vollhardt [4];
however, for the most part of practical purposes one approximates the corresponding expectation values using the
so-called Gutzwiller approximation (GA) [1]. For this
approach the computational effort is similar to the HF
approximation, but results are superior due to a better treatment of correlations.
The GA can be derived using a variety of methods
[1,4–6]. In particular, it is recovered at the mean-field
level (saddle point) of the four-slave boson functional integral method introduced by Kotliar and Ruckenstein (KR)
[6]. The latter offers the possibility of going beyond the
Gutzwiller result as, for example, the inclusion of transversal spin degrees of freedom [7]. In addition it provides a
scheme (at least in principle) to include fluctuations beyond the mean-field (MF) solution. This has made the KR
method quite popular since the inclusion of fluctuations on
top of the GA has been a long-standing goal. Expansions
around the slave-boson saddle point have been performed
for homogeneous systems in Ref. [8] in order to calculate
correlation functions in the charge and longitudinal spin
channels. However, the expansion of the KR hopping fac0031-9007兾01兾86(12)兾2605(4)$15.00
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tor z SB is a highly nontrivial task both with respect to the
proper normal ordering of the bosons and also with respect
to the correct continuum limit of the functional integral [9].
The complexity of the expansions around the slave boson saddle point has severely hampered practical computations of dynamical quantities within this formalism. One
of the few serious attempts is the computation of the optical conductivity in the paramagnetic state in Ref. [10]. As
far as we know this approach has not been pursued in broken symmetry states due to technical difficulties, including
the fact that the KR choice for the z SB hopping factor does
not lead to controlled sum rules [11].
In this work we overcome the above mentioned difficulties within the functional integral formalism and introduce
an alternative scheme to compute fluctuation corrections
around the GA to dynamical and static correlation functions and the ground state energy. The method can be
viewed as a time-dependent GA in the same way as the
random phase approximation (RPA) method on top of a
HF solution (HF 1 RPA) can be viewed as time-dependent
HF approximation in the limit of small amplitude oscillations [12]. For this reason we label the method as
GA 1 RPA. It is also a generalization of the method of
Ref. [13] in order to describe the low temperature Fermi
liquid regime. The method incorporates ground state correlations beyond the ones of the Gutzwiller type just as
HF 1 RPA takes into account ground state correlations
not present in the HF wave function. Moreover, we treat
the double occupancy parameter as a dynamical variable
in contrast to the conventional static interpretation and we
show that an antiadiabatic approximation for the double occupancy works remarkably well. The GA 1 RPA ground
state energy of the one-band Hubbard model is in excellent agreement with exact results up to moderate coupling
in one dimension (1D) and for all couplings in a 2D system (Fig. 1). The optical conductivity of a Hubbard chain
is in much better agreement with numerical results than
HF 1 RPA (Fig. 2). In addition sum rules are well behaved in the HF 1 RPA sense [12,14].
© 2001 The American Physical Society
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FIG. 2. Optical conductivity of a 32-site Hubbard ring for
U兾t 苷 4 in HF 1 RPA, GA 1 RPA, and Monte Carlo (MC)
after Ref. [23]. The individual peaks of the GA 1 RPA and
HF 1 RPA data have been broadened by a value of 0.25t.
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FIG. 1. Comparison of the exact ground state energy with the
various approximate methods discussed in the text for the halffilled Hubbard model in 1D (upper panel) and 2D (lower panel).
Exact results in the upper panel are for an infinite 1D system
after Ref. [15], whereas approximate results are for a 32-site
lattice. (Finite size errors are estimated to be of the order of
line width.) Exact [16] and approximated results in the lower
panel are for a 4 3 4 cluster. The insets show the corresponding
curves for the 1D double occupancy (exact and GA 1 RPA are
almost undistinguishable).

We consider the one-band Hubbard model
X
X
y
H 苷
tij ci,s cj,s 1 U
ni," ni,# ,
ij,s

where ci,s destroys an electron with spin s at site i, and
y
ni,s 苷 ci,s ci,s . U is the on-site Hubbard repulsion and
tij denotes the transfer parameter between sites i and j.
In the numerical computations below we take only nearest
neighbor matrix elements tij 苷 2t to be nonzero.
Our starting point is an energy functional E关r, D兴 of the
GA type [5]. Here r is the density matrix of an associated
y
Slater determinant jSD典, i.e., ris,js 0 苷 具SDjcis cjs 0 jSD典
and D is a vector of the GA double occupancy parameters
Di at site i. In order to consider arbitrary fluctuations
the charge and spin distribution of r and the distribution
of D should be completely unrestricted. For simplicity
we consider only solutions where the associated SD is an
eigenstate of the z component of the total spin operator
(ris,js 0 ⬅ ds,s 0 rijs ).
E关r, D兴 can be obtained by exploiting the equivalence
between the KR saddle point solution and the GA [5]. It
is given by
E关r, D兴 苷

(1)

X

tij zis zjs rijs 1 U

ijs

X

Di

(2)

i

i

and
zis 苷

p

p
共1 2 rii 1 Di 兲 共riis 2 Di 兲 1 Di 共rii,2s 2 Di 兲
p
.
riis 共1 2 riis 兲

P
with rii 苷 s riis . The stationary solution r 共0兲 , D 共0兲
is determined by minimizing the energy functional with
respect to r and D.
The variation with respect to the density matrix has to be
constrained to the subspace of Slater determinants by imposing the projector condition r 2 苷 r [12]. Within this
subspace we now consider small time-dependent amplitude fluctuations of the density matrix r共t兲. We add a
weak time-dependent field to Eq. (2) of the form F共t兲 苷
P
2ivt y
cis cjs 0 1 H.c.兲. This produces small
is,js 0 共 fis,js 0 e
2606

amplitudes oscillations dr共t兲 around the stationary density, i.e., dr共t兲 ⬅ r共t兲 2 r 共0兲 .
We assume that at each instant of time the double occupancy parameter is at the minimum of the energy functional compatible with the corresponding r共t兲; i.e., the
double occupancy parameters 兵D其 adjust antiadiabatically
to the time evolution of the density matrix. This is reasonable since the double occupancy involves processes
which are generally high in energy and hence fast. In
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fact, using exact diagonalization on finite systems we have
checked that the spectral function of the double occupancy
operator has the main spectral features at energies much
larger than the gap in the optical conductivity (Fig. 2) in
agreement with our assumption. As the density varies the
double occupancy shifts from D 共0兲 to satisfy the antiadiabaticity constraint. We define dD共t兲 苷 D共t兲 2 D 共0兲 and
dr共t兲 and dD共t兲 are linear in f.
The formal complication of the present approach as
compared to the standard RPA has its origin in the proper
adjustment of D to the time evolution of r共t兲, i.e., the determination of dD共t兲. This step is achieved by expanding
the energy functional Eq. (2) up to second order in dr and
dD around the saddle point:
1
y
E关r, D兴 苷 E0 1 h0 dr 1
dr y L0 dr 1 dDS0 dr
2
1
1
dDt K0 dD ,
(3)
2
where the bar indicates that we are treating a matrix as
a column vector and the subindex 0 indicates evaluation
in the stationary state. Here we have defined an effective
one-particle Gutzwiller Hamiltonian [12]:
≠E
hjis 苷
,
(4)
≠rijs
and the matrices
≠2 E
,
(5)
Lijs,kls 0 苷
ⴱ
≠rijs
≠rkls 0
≠2 E
≠2 E
,
Kk,l 苷
.
≠Dk ≠rijs
≠Dk ≠Dl
Using the condition of antiadiabaticity ≠E兾≠dD 苷 0
in Eq. (3) we obtain a linear relation between dr and
dD. Eliminating dD from Eq. (3) finally yields an
expansion of the energy as a functional of dr alone
e
E关r兴
⬅ E关r, D共r兲兴,
1
y
y
e
dr y 共L0 2 S0 K021 S0 兲dr .
E关r兴
苷 E0 1 h0 dr 1
2
(6)
Sk,ijs 苷

This can be regarded as the expansion of an effective interacting energy functional in which the interaction potential
between particles is density dependent. This kind of functional often appears in the context of nuclear physics and a
well-developed machinery exists to compute the RPA fluctuations induced by the interaction. We will only briefly
outline here the corresponding formalism (for details, see
Ref. [12]). The advantage of this method with respect
to other methods (e.g., diagrammatic) is that the present
derivation is solely based on the knowledge of an energy
functional of a SD density matrix which is precisely what
the GA provides.
At the saddle point h and r can be diagonalized simultaneously. As a result one obtains 共h0 兲kl 苷 dkl ek and the
density matrix has eigenvalue 1 below the Fermi level and
eigenvalue 0 above the Fermi level. We will notate states
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below the Fermi level as hole (h) states and the states above
the Fermi level as particle states 共p兲.
Up to linear order the density matrix obeys the equation
of motion [12]:
∏
∑ e
e0 , dr兴 1 ≠h .dr, r 共0兲 1 关 f GA , r 共0兲 兴 , (7)
i h̄drᠨ 苷 关h
≠r
e is defined as in Eq. (4) but with E
e instead of E.
where h
e
≠
h
e0 苷 h0 .)
(Note that h
≠r .dr is a short hand notation for
µ
Ç
∂
X ≠h
e
e Ç
≠h
drph 1
(8)
drhp .
共0兲
≠rhp r苷r 共0兲
ph ≠rph r苷r
f GA is the GA version of f, i.e., it includes the z0 factors
for intersite matrix elements.
One can show that particle-particle and hole-hole matrix
elements of Eq. (7) are zero and the particle-hole 共ph兲 matrix elements of dr satisfy the well-known RPA eigenvalue
equation. The RPA dynamical matrix can be obtained from
Eqs. (6) and (7). Upon diagonalizing the RPA matrix by
a Bogoliubov transformation one obtains the eigenvectors
共l兲
共l兲
V 共l兲 苷 关Xph , Yph 兴 and eigenvalues E 共l兲 where the latter
correspond to the excitation energies of the system. An
explicit expression for the response functions and a discussion of sum rules can be found in Ref. [12] which apply
straightforwardly to our case.
The present formalism is well suited for the calculation
of charge excitations in inhomogeneous doped systems
[5,14,17,18] which will be presented elsewhere. In
the following, we restrict ourselves to the half-filled
Hubbard model in the antiferromagnetic Néel state [2].
The double
at the RPA level is given by
R occupancy
P
DRPA 苷 dv l 具0jni" jl典 具ljni# j0典d关v 2 E 共l兲 兴 where
the integrand is the Lehmann representation of an appropriately defined density-density correlation function. The
matrix elements 具0jn" jl典 for l . 0 can be computed in
terms of the eigenvectors V 共l兲 [12].
In the inset of Fig. 1, we show the GA 1 RPA double
occupancy compared with exact results and other approximations in a 1D system. For small U long range magnetic
order is not enough to reduce substantially the HF double
occupancy from the noninteracting value. RPA on top
of HF corrects for this, but because the starting point is
quite far from the exact result the correction is not so accurate and one gets that HF 1 RPA overstrikes the exact
double occupancy and the energy [19]. On the contrary
for the GA only a small correction is needed and RPA
performs remarkably well. Note that U共DRPA 2 DHF 兲
is a measure for the residual interaction in HF 1 RPA. In
the GA 1 RPA approach such a simple relation is lost but
clearly a smaller correction of the MF double occupancy
suggests a smaller residual interaction.
Rigorously the residual interaction is given by the last
term in Eq. (6). It is interesting to remark that this includes
nonlocal terms which will affect long range correlations.
This is in contrast to the HF 1 RPA method where the
residual interaction is local.
2607
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From the interaction energy UDRPA we compute the
correction to the ground state energy using the coupling
constant integration trick [20]. We find very good agreement with the exact results as shown in Fig. 1. This holds
in 1D up to intermediate values of U兾t and in a 4 3 4 2D
cluster for all U兾t. The improvement with dimensionality
is expected as in any MF 1 RPA computation.
In order to examine the quality of dynamical correlation functions we have studied the optical conductivity in
the GA 1 RPA approach. As in the HF 1 RPA method
[12,14] the f-sum rule is exactly satisfied with the following prescription. The optical conductivity on one side
of the equality should be computed at the GA 1 RPA
(HF 1 RPA) level and the expectation value on the other
side (essentially the kinetic energy in our case [21]) computed at GA (HF) level.
In this regard the f-sum rule provides also an encouraging argument that the GA 1 RPA dynamical correlation functions are much more accurate than those obtained
via the corresponding HF 1 RPA method. We have compared the exact kinetic energy of a 4 3 4 lattice [22] with
unrestricted GA and HF results for various hole concentrations and have found that over a wide range of doping
and on-site correlation U there is almost perfect agreement
between the GA method and exact results. On the other
hand, the HF kinetic energy has an error that for example
for U 苷 4t is at least 40 times larger. This is not surprising since GA takes into account the correlation induced
reduction of kinetic energy in a much better way than HF.
Figure 2 displays s共v兲 for a 32-site Hubbard ring and
half-filling in case of U兾t 苷 4. The onset of excitations
across the Mott-Hubbard gap is signaled by the appearance of a large peak in s共v兲. We find excellent agreement
between Monte Carlo (MC) and GA 1 RPA, whereas the
excitation energy in HF is clearly overestimated. Note that
the MC data display an additional hump at approximately
twice the energy of the first peak. Processes in which a particle makes scattering with a particle-hole excitation (not
included at RPA level) and the failure of the antiadiabaticity assumption for the double occupancy at high energies
can explain the discrepancy. We see, however, that for
energies of the order of the Hubbard band the method performs very well.
Regarding the computational effort, it is similar to the
standard HF 1 RPA method [14,17]. For example, systems with 120 atoms can be solved in real space on a PC.
In conclusion, we have achieved the long standing goal
of adding fluctuations to the GA. Our time dependent approach allows for the calculation of dynamical correlation
functions and corrections to static quantities in Hubbard
type models. The formalism is conceptually very simple
and leads to much better agreement with exact results than
previous approximations.
As in any computation of fluctuations we are dealing
with the residual interaction between particles beyond the
mean-field level. Roughly speaking since the GA contains
2608
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ground state correlations not included in a HF wave function the residual interaction is a smaller perturbation to the
MF state and hence it is natural that RPA works much better in this case. In other words RPA fluctuations on top
of a “correlated” mean field state (GW) converge much
better to the exact result than fluctuations on top of an uncorrelated mean field state (HF), a concept which may be
obvious a posteriori but by no means is obvious a priori.
We gratefully acknowledge many useful discussions
with C. Di Castro, C. Castellani, M. Grilli, R. Raimondi,
and K. Hallberg, who also performed an exact diagonalization test. We acknowledge partial financial support from
INFM. G. S. acknowledges financial support from the
Deutsche Forschungsgemeinschaft as well as hospitality
and support from the Dipartimento di Fisica of Università
di Roma “La Sapienza” where part of this work was
carried out.

*On leave from Consejo Nacional de Investigaciones Científicas y Tecnicas, Centro Atómico Bariloche, 8400 S. C. de
Bariloche, Argentina.
[1] M. C. Gutzwiller, Phys. Rev. 137, A1726 (1965).
[2] H. Yokoyama and H. Shiba, J. Phys. Soc. Jpn. 56, 3582
(1987).
[3] P. Fazekas et al., Z. Phys. B 78, 69 (1990).
[4] W. Metzner and D. Vollhardt, Phys. Rev. Lett. 59, 121
(1987); Phys. Rev. B 37, 7382 (1988).
[5] G. Seibold et al., Phys. Rev. B 57, 6937 (1998).
[6] G. Kotliar and A. E. Ruckenstein, Phys. Rev. Lett. 57, 1362
(1986).
[7] T. Li, P. Wölfle, and P. J. Hirschfeld, Phys. Rev. B 40, 6817
(1989).
[8] J. W. Rasul and T. Li, J. Phys. C 21, 5119 (1988);
M. Lavagna, Phys. Rev. B 41, 142 (1990).
[9] E. Arrigoni and G. C. Strinati, Phys. Rev. Lett. 71, 3178
(1993); Phys. Rev. B 52, 2428 (1995).
[10] R. Raimondi and C. Castellani, Phys. Rev. B 48, R11 453
(1993); R. Raimondi, Phys. Rev. B 51, 10 154 (1995).
[11] R. Raimondi (private communication).
[12] P. Ring and P. Schuck, The Nuclear Many-Body Problem
(Springer-Verlag, New York, 1980).
[13] D. Vollhardt, Rev. Mod. Phys. 56, 99 (1984).
[14] J. Lorenzana and L. Yu, Phys. Rev. Lett. 70, 861 (1993).
[15] E. H. Lieb and F. Y. Wu, Phys. Rev. Lett. 20, 1445 (1968).
[16] G. Fano et al., Phys. Rev. B 42, 6877 (1990).
[17] K. Yonemitsu et al., Phys. Rev. B 47, 12 059 (1993).
[18] G. Seibold et al., Phys. Rev. B 58, 13 506 (1998); A. Sadori
and M. Grilli, Phys. Rev. Lett. 84, 5375 (2000).
[19] The RPA does not follow from a variational principle so
the energy can be deeper than the exact energy [12].
[20] G. D. Mahan, Many Particle Physics (Plenum, New York,
1990).
[21] B. S. Shastry and B. Sutherland, Phys. Rev. Lett. 65, 243
(1990).
[22] E. Dagotto et al., Phys. Rev. B 45, 10 107 (1992).
[23] N. M. R. Peres et al., Z. Phys. B 103, 217 (1997).

